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a b s t r a c t
He’s frequency formulation, derived on the basis of an ancient Chinese mathematical
method, is an effective method for treating nonlinear oscillators. There are different
approaches for choosing location points in the formulation. This paper suggests another
location point, an example is given, and the accuracy is improved.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
An ancient Chinesemathematical methodwas outlined in a review article [1] and used to treat nonlinear oscillators; also
a frequency formulationwas proposed,where the location pointwas chosen as t = 0. Geng andCai suggested another choice
for the location point: t = T/N , where T is the period of the oscillator, andN is generally chosen asN = 12. The formulation
was further developed by the originator in Refs. [2–4]. Due to the simplicity of the formulation, various kinds of nonlinear
oscillators can be easily obtained; see Refs. [5–10]. Another ancient Chinese method, called the He Chengtian inequality
method, was also developed to solve nonlinear oscillators; see Refs. [11–13]. Zhong [14] and Lan and Yang [15] asserted that
some complex nonlinear equations can be easily solved by ancient Chinese mathematical methods. Though much progress
has been made in the application of ancient Chinese mathematics to modern technology, some open problems await a
perfect answer. This paper will show the problem, and suggest a new idea for the choice of the location point.
2. The ancient Chinese method
Below is an algebraic equation:
f (x) = 0. (1)
If we want to find its root, let x1 and x2 be approximate ones, which lead to the remainders f (x1) and f (x2) respectively.
According to the ancient Chinese method, the approximate solution of the equation is
x = x2f (x1)− x1f (x2)
f (x1)− f (x2) . (2)
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3. He’s frequency formulation
Consider the following nonlinear oscillator:
u′′ + u
1+ εu2 = 0, u(0) = A, u
′(0) = 0. (3)
This equation can be solved by the energy balance method [16–18], the parameter-expansion method [19], and the homo-
topy perturbation method [20].
According to He’s formulation [1–4], we substitute two trial functions u1(t) = A cos t and u2(t) = A cosωt into Eq. (3);
these are respectively the solutions of the following two linear equations:
u′′ + u = 0 (4)
and
u′′ + ω2u = 0. (5)
Then we get the two residuals
R1(t) = A cos t1+ εA2 cos2 t − A cos t (6)
R2(t) = A cosωt1+ εA2 cos2 ωt − ω
2A cosωt . (7)
According to Geng and Cai’s modification [21], the approximate frequency can be obtained as follows:
ω2H =
R2 (t2)− ω2R1 (t1)
R2 (t2)− R1 (t1) (8)
where t1 and t2 are location points. The phase of the residuals is determined by the location points.
In previous research [1], the phase of the residuals was chosen as 0 for simplicity, i.e.,
t1 = 0 t2 = 0. (9)
The residuals are as follows:
R1(0) = A1+ εA2 − A (10)
R2(0) = A1+ εA2 − ω
2A. (11)
According to Eqs. (10) and (11), the frequency formulation is
ω2H1 =
R2(0)− ω2R1 (0)
R2(0)− R1(0)
=

A
1+εA2 − ω2A

− ω2

A
1+εA2 − A


A
1+εA2 − ω2A

−

A
1+εA2 − A

= 1
1+ εA2 . (12)
Geng and Cai [21] suggested
t1 = T112 , t2 =
T2
12
. (13)
Hereby T1 and T2 are respectively the periods of the two linear equations u′′ + u = 0 and u′′ + ω2u = 0, and the phase of
the residuals is π/6. The frequency formulation becomes
ω2H2 =
R2

T2
12

− ω2R1

T1
12

R2

T2
12

− R1

T1
12

= 1
1+ 34εA2
(14)
which is the same as that obtained by perturbation methods [22].
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4. New phases of residuals
Now we suggest a new phase of the residuals through setting the phase equal to 0.382 × π2 = 0.191π , a golden mean
location of π/2. We set
t1 = 0.0955T1, t2 = 0.0955T2. (15)
The frequency can be obtained; it is
ω2H3 =
R2 (0.0955T2)− ω2R1 (0.0955T1)
R2 (0.0955T2)− R1 (0.0955T1)
= 1
1+ 0.6811εA2 . (16)
To illustrate the accuracies of the three approximate results obtained above, we compare their corresponding periods:
TH1 = 2π
ωH1
= 2π

1+ εA2 (17)
TH2 = 2π
ωH2
= 2π

1+ 3
4
εA2 (18)
TH3 = 2π
ωH3
= 2π

1+ 0.6811εA2 (19)
with the exact one [22]:
Tex = 4√ε
∫ A
0
du
ln

1+ εA2− ln 1+ εu2 . (20)
In the case εA2 →∞, we have
lim
εA2→∞
Tex = 4√ε
∫ A
0
du√
2 (ln A− ln u) = 2
√
2πεA (21)
and
lim
εA2→∞
TH1
Tex
= 2π ·
√
εA
2
√
2πεA
= 1.2533 (22)
lim
εA2→∞
TH2
Tex
= 2π ·
√
3
2
√
εA
2
√
2πεA
= 1.0854 (23)
lim
εA2→∞
TH3
Tex
= 2π ·
√
0.6811εA
2
√
2πεA
= 1.0343. (24)
The accuracy is greatly improved.
5. Summary
In this work we suggest an alternative approach to the choice of the location point in a frequency formulation.
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